The relevant equations of magneto-quantum-radiative hydrodynamics are introduced and then written in a dimensionless form in order to extract a set of dimensionless parameters that describe scaledependent ratios of all the characteristic hydrodynamic variables. Under the conditions where such dimensionless number are all large, the equations reduce to the usual ideal magnetohydrodynamics and thus they are scale invariant. We discuss this property with regards to the similarity between astrophysical observations and laboratory experiments. These similarity properties have been successfully exploited in a variety of laboratory experiments where radiative processes can be neglected. On the other hand, when radiation is important, laboratory experiments are much more difficult to scale to the corresponding astrophysical objects. As an example, a recent experiment related to break out shocks in supernova explosions is discussed.
INTRODUCTION
Study of astrophysical phenomena using laserproduced plasma is a growing field of research (Remington et al. 1999; Gregori et al. 2012) . Modern laser facilities can deliver large amount of energy in very short times, exceeding what is possible from more conventional techniques such as gas guns or pulsed power machines. Pressures near the laser spot (where most of the laser energy is deposited) can reach values in excess of tens of Mbar, thus being comparable to the energy density of bound electrons in atoms. Quantum processes and radiation diffusion can become important in these conditions. The steep density and pressure gradients produce magnetic fields (Haines 1986 ) which govern the particle transport. These large energies deposited over sub-mm volumes then drive powerful shock waves into the ambient medium (Klein et al. 2003; Foster et al. 2002; Hansen et al. 2005; Robey et al. 2002) . The process bears similarities with many astrophysical phenomena where energy is impulsively released in the interstellar medium, such as supernova remnants (Ryutov et al. 1999) , Herbig-Haro flows (Hartigan et al. 1987 ) and accretion shocks (Gregori et al. 2012) .
Laboratory experiments offer a viable complementary approach to both astrophysical observations (by providing, for example, the means of directly measuring quantities of interests not accessible by observations) and numerical calculations (thus overcoming limitations in numerical resolutions and potentially addressing non-linear aspects of the dynamical evolutions, and/or validating simulation codes). This is meaningful only if the relevant physics in the laboratory is the same as in the astrophysical object under study. We refer to this as a similarity relation between the two systems. The most obvious situation is the one where the laboratory experiment reaches the exact conditions found in the astrophysical object. This has been exploited, for example, to study the equation j.e.cross@physics.ox.ac.uk of state of planetary interiors (Jeanloz et al. 2007 ) and other compact objects (García Saiz et al. 2008) . However it is not always is possible to reach in the laboratory the exact conditions that we are interested in, as the spatial, temporal and energy scales may be outside the range of what is directly reproducible in an experiment. A similarity relation still exists if we can assure that the laboratory and the astrophysical systems evolve in a way that the governing equations are invariant under a scale transformation, i.e. such that the corresponding spatial, density, pressure, time, and so on, values in one system are mapped into the other system by multiplicative constants. This self-similarity can be obtained via fluid equations (Ryutov et al. 1999) , or even at the kinetic level (Connor and Taylor 1977; Ryutov et al. 2012 ) under some conditions. This paper concerns the magnetohydrodynamics (MHD) similarity, and provides a general framework to include effects arising from finite resistivity, thermal conduction, radiation diffusion and quantum non-locality. While fluid similarity has already been discussed in special situations (Ryutov et al. 1999 (Ryutov et al. , 2001 Falize et al. 2011a,b) , this work gives a unified treatment of all of these effects in a simple conceptual form.
GENERAL EQUATIONS
We first start with the full set of equations that describe resistive MHD fluids in presence heat conduction, radiation diffusion and quantum effects (Drake 2006; McClarren et al. 2010; Haas 2011; Zeldovich et al. 2002) :
These are the continuity (1a), momentum (1b), energy (1c), induction (1d) and energy flux (1e) equations, respectively. Here ρ is the mass density, Z the ionization state, t the time, u the fluid velocity, p the ram pressure, p R the radiation pressure, Φ Bohm the quantum Bohm potential, σ v the stress tensor, F EM electromagnetic volume forces, ǫ the specific internal energy, E R the energy density of the radiation field, H the total energy flux, J the current density, E the electric field, B the magnetic field, η the magnetic diffusivity (η = 1/σ 0 µ 0 where σ 0 is the electric conductivity and µ 0 the vacuum permittivity), m average mass per particle, e elementary charge, Z degree of ionisation, F R the radiative energy flux, and Q the heat flux. Here we write the induction equation to include baroclinic generation of magnetic field via the Biermann battery mechanism (Biermann 1950; Kulsrud and Zweibel 2008) . This is the last term on the right hand side of equation (1d). In many laboratory and astrophysical scenarios, the baroclinic term represents the next higher order correction to Ohm's law (Haines 1986) . Differently from previous work, the above equations correctly describe quantum hydrodynamics behavior, which becomes important for high density fluids (Schmidt et al. 2012) , when the number density reaches values 10 24 cm −3 , as in white dwarfs or neutron star matter. This means that Pauli blocking, tunneling and wave packet spreading begin to exert an effective quantum pressure to the system (Haas 2011) . This approach follows from the the fact that deterministic equations can be used to describe both single-particle and many-body distribution functions in the quantum limits if appropriate potential are introduced in the hydrodynamic equations (Bohm 1952; Mostacci et al. 2008) .
The source terms in equations (1b), (1c) and (1e) are explicitly given by:
where σ is the Stefan-Boltzmann constant, T the temperature, c the speed of light, the reduced Planck's constant, m the particle mass, ν the kinematic viscosity (where ν = µ/ρ, with µ being the (dynamic) viscosity), I the identity tensor and ζ the second coefficient of viscosity, ρ C the charge density, χ R the Rosseland mean opacity, κ th the coefficient of heat conduction, χ th the kinematic coefficient of thermal diffusivity, c p the specific heat capacity at constant pressure, k B Boltzmann's constant, and γ the adiabatic index.
Equation (2a) represents the isotropic thermal radiation pressure within the plasma, and the related energy density of that radiation (Castor 2004) , assuming a Planck distribution for the radiation. Equation (2b) accounts for quantum effects. Equation (2c) gives the form of the stress tensor. This forms does not assume that the fluid is incompressible, i.e., ∇ · u does not have to be equal to zero (Drake 2006) . Equation (2d) defines the electromagnetic (Lorentz) force on the system. Equation (2e) gives the radiative energy flux, within the local thermodynamic equilibrium (LTE) approximation. In this form, it corresponds to the Rosseland heat flux (Drake 2006; Castor 2004) . Finally, equation (2f) describe the thermal heat flux (Landau and Lifshitz 1959) .
Quantum potential
Given the presence of the Bohm potential in the above equations and the fact that this term is often omitted, it is important to give a detailed explanation and derivation for its appearance. The form used arises from rewriting the Schrödinger equation in polar form with a wavefunction given by φ = Re iS/ , where R and S are real valued functions. The Schrödinger equation can be thus divided into an imaginary part
and a real part
where V is the external potential and
If we now identify, using the correspondence to the classical limit , R 2 = ρ, and u = ∇S/m, then (3) can be re-expressed as a continuity equation, while (4) has the form of an energy equation with the classical potential corrected by the quantum term Q. This leads, for example, to the inclusion of ρQ/m as an energy density correction in the momentum equation.
DIMENSIONLESS ANALYSIS
We now rescale the variables in the hydrodynamic equations by a corresponding characteristic value. This allows us to rewrite the equations in an invariant form, and all the details associated to the physical dimensions of the system are contained in a series of dimensionless numbers, which represents ratios of those characteristic values. Let's assume that the velocity, position, time and density are written as
where u 0 , ℓ 0 , and ρ 0 are the characteristic velocity, length and density of the system, respectively. From now on we will use the convention that starred quantities (i.e., u * ) are dimensionless, while quantities with subscript 0 (i.e., u 0 ) correspond to a characteristic value for that variable. The above assumptions imply
Similarly, we can set
However, the choice of the values for p 0 , B 0 , and ǫ 0 is not arbitrary. To see this, let's consider the momentum equation (1b), but with the only source terms being the pressure gradient and magnetic field (i.e., in the limit of ideal MHD). Using the relation:
Noticing the common factor of u 2 0 ρ 0 /ℓ 0 on the left and dividing through gives
As we require this equation to have the same form as (1b), that is, to be invariant under the scaling transformation, this means that
We see that the reference magnetic field has a value such that the fluid velocity and the Alfvén velocity (Alfvén 1942) are the same. We can follow a similar procedure to determine the value for ǫ 0 . Using the energy equation (1c) in the ideal case with no source terms, we get
Dividing through by a factor of u 3 0 ρ 0 /ℓ 0 we obtain
Again, we require this to be invariant under the scaling transformation, which leads to ǫ 0 ≡ u 2 0 . This simple exercise has shown that the equations of ideal MHD are indeed invariant under scaling. This applies for any choice of the scaling transformation. In reality, things are more complex because neither the laboratory system, nor the astrophysical one, can always be assumed to evolve under ideal conditions. To see this, let's consider equation (1d) with the inclusion of the resistive and baroclinic terms. By applying the scaling transformation defined above, we have
Dividing through by u 2 0
where can recognize the magnetic Reynolds number as
and the dimensionless number
which we will refer to as the Biermann number. This shows that the equations of resistive MHD are scale invariant only if Re M , and Bi, are the same in both the laboratory and astrophysical systems, or, alternatively, very large in both conditions, such that resistive terms are negligible.
SIMILARITY FOR NON IDEAL EQUATIONS
We must now consider the full system of equations (1c)-(1e). In order to proceed, we need to define additional scaling variables for temperature, current density, electric field and charge:
4.1. Momentum equation We start with the momentum equation (1b) and use the above scaling transformations. Considering each term separately, we have
If we divide through by the common term of ρ 0 u 2 0 /ℓ 0 we obtain the momentum equation in dimensionless form
The Mihalas number (R) represents the ratio of ram pressure to radiation pressure, and it is related to the more familiar Boltzmann (Bo) number by
where Bo = ρ 0 c p T 0 u 0 /σT 4 0 . Here, we have used k B T 0 ∼ mu 2 0 , and c p ∼ γk B /m(γ − 1). The Boltzmann number gives the ratio of the enthalpy flux with the radiation flux. The importance of quantum effects against classical ones within the system is described by the number:
which we will refer to as the Bohm number. We can also recognize the Reynold's number and its obvious extension when considering the second coefficient of viscosity:
From charge conservation,
which represents the ratio between Ohmic and convective heat transfer. The ratio between convective transport and Hall diffusion is expressed by the coefficient
4.2. Energy equation Following the same approach as before, but now using the energy equation (1c) and, again, considering each term separately:
A factor of ρ 0 u 3 0 /ℓ 0 has been pulled out from each term. The dimensionless energy equation can thus be written as
Analogous to the momentum equation we have new dimensionless numbers. We define a radiation number, Π, which is related to the Bolztmann number by:
The Péclet number gives the importance of thermal diffusion against convective transport:
where we have used the k B T ∼ mu 2 0 .
COMPLETE FORM
We are now in a position to write all the complete equations in dimensionless form. Repeating the results obtained above, they are:
The scaling variables and all the dimensionless numbers are given in Table 1 . As discussed earlier, similarity between the laboratory and astrophysical object is achieved if the dimensionless numbers are the same or all large in both systems (the ideal MHD case). Under either of these conditions, let's take ℓ
0 , E
0 , and T
(1) 0 the characteristic scaling parameters for the laboratory experiment. The astrophysical system has corresponding values given by
0 , where g a,b,c,d,e,f are scaling constants. From this set of parameters, we can scale all the other characteristic quantities as
C0 .
All the details concerning the microphysics of the two systems are thus contained only in the dimensionless numbers given in Table 1 . In order to evaluate those numbers, let's assume the plasma is in thermodynamic equilibrium at the temperature T (in eV) and carries a mass density ρ (in g/cm 3 ) from ions of atomic mass A and charge Z. The magnetic field is B (in G). Charge neutrality implies an equal number of negative charges carried by mobile electrons. These assumptions are applicable to both the laboratory and astrophysical plasmas. Following Ryutov et al. (1999); Huba (2002) , the kinematic viscosity is, in cases where magnetic field is important or not,
where Λ is the Coulomb logarithm. The thermal diffusivity is (Ryutov et al. 1999) , in the unmagnetised and magnetised case,
The magnetic diffusivity is given by (Pitaevskii and Lifshitz 1981) 
The Rosseland opacity, can be written in terms of a cooling function L Λ as
where L Λ ∼ 10 −22 ergs cm 3 /s for typical astrophysical plasmas (Sutherland and Dopita 1993) , and for bremsstrahlung-dominated cooling L Λ ∼ 1.7 × 10 −25 Z 2 T 1/2 (Ryutov et al. 1999 ). In the case of a fully ionized plasma, the opacity is only determined by the free-free absorption, thus (Zeldovich et al. 2002) 
At higher densities (near and above solid) and when line radiation transport must be included in the calculations, the Rosseland opacity is tabulated as (Tsakiris and Eidmann 1987) , where κ 0 , α and β are material dependent constants (see Table 2 ). The Rosseland opacity is bound to a maximum value given by (Tsakiris and Eidmann 1987) χ R,max (cm 2 /g) = 6.1 × 10 6 Z AT .
Even in the case that the dimensionless numbers are large in both the laboratory and astrophysical systems, their magnitude can be very different. It is then important to quantify the error in fluid variables in the ideal MHD approximation due to finite values for such dimensionless numbers. We have:
1
, where B id refers to the magnetic field in the ideal MHD approximation, and similarly for the momentum and energy.
Characteristic quantity Definition
Charge density Tsakiris and Eidmann (1987) and Drake (2006) .
CONCLUDING REMARKS
The similarity properties have been successfully exploited in a variety of laboratory experiments (Remington et al. 1999 ), but almost exclusively limited to the condition of radiation free environments. There are astrophysical situations, however, where radiation is important. In order to show the laboratory implications associated to scaling under radiative conditions, we compare the astrophysical case of a shock breakout in a circumstellar medium (Fransson, Lundqvist and Chevalier 1996) to a recent implosion experiment on the National Ignition Facility (NIF) laser (Pak et al. 2013) . While, as shown in Table 3 , the experiments can indeed reproduce the supernova shock breakout in most aspects, the similarity breaks down when considering the radiation and the Mihalas numbers. This example shows that radiation dominated environments are yet challenging to achieve even on the currently available largest laser facilities. Our work thus provide a useful guide to future experiments towards achieving those conditions. (Pak et al. (2013) ) to a supernova breakout shock (Fransson, Lundqvist and Chevalier (1996) ).
